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I. Introduction
A deployable missile control fin, shown in Fig. 1 , has been used primarily for the efficient use of space for past several decades. These deployable fins are packed into each launching tube in folded state and unfolded immediately after launching. Most of deployable missile control fins have a complex hinge consisting of a torsional spring, a compression spring and several stoppers. Because of wear and manufacturing tolerance, the hinge of the deployable control fin has some structural nonlinearities such as preload, free-play, asymmetric bilinear stiffness, hysterisis, and coulomb damping. These nonliearities are impossible to be completely eliminated, and exert significant effects on the static and dynamic characteristics. Therefore, it is necessary to obtain the accurate dynamic model of a deployable missile control fin. However, it is difficult to directly apply full order nonlinear finite element models to many practical engineering problems, especially when iterate analyses are required such as time-domain nonlinear flutter analysis.
This paper discusses an expanded substructure synthesis method including nonlinear hinge model in order to establish the reduced dynamic model of the deployable missile control fin with the nonlinear hinge. First, system identification is performed to establish the nonlinear mathematical model of the hinge. Secondly, Craig-Bampton's component mode synthesis is expanded to couple the constructed hinge model and the other structure models of the control fin. Finally, the effectiveness and the accuracy of the established model of the control fin are verified with the modal and dynamic tests.
There have been many studies on the system identification methods to estimate parameters of the nonlinear structures from static and dynamic tests. The system identification methods can be broadly classified into the parametric methods 1,2 and the nonparametric methods [3] [4] [5] . The former identifies the parameters of the pre-determined mathematical structure of the system and the latter composes the characteristic equations of suitable functional series to represent the system.
In general, most of practical engineering structures are huge and complicated, and may have some nonlinearities. Each structure can be divided into linear or nonlinear substructures to simplify analysis. The information about the position of a structural nonlinearity offers the opportunities to separate the structure into linear and nonlinear components so that they can be separately analyzed for the substructure synthesis. Substructure synthesis is a modeling method permitting the representation of a relatively complex structure by a reduced number of degrees of freedom(DOF). Hunn 6 introduced the first partial modal coupling method. Model improvement is the process to couple the preciseness of theoretical modeling with the accuracy of experimental modeling with the assumption that the measured data are correct.
Model improvement methods can be broadly classified into direct methods and iterative methods. The former use directly the measured modal data to identify the parameters of the equation of motion 13, 14 . The latter calculate iteratively the parameters by using the limitedly measured modal data or frequency response function (FRF) data [15] [16] [17] . As one of the iterative methods, Lin and Ewins 18 improved the theoretical model by using the limitedly measured FRF data and replacing the unmeasured FRF data by their analytical counterparts.
In summary, the purpose of this study is to investigate the nonlinear characteristics and establish the dynamic model of the deployable missile control fin with nonlinear hinge shown in Fig. 1 . After investigating the existence and types of the nonlinear characteristics of the control fin from modal tests, the nonlinear hinge model of the control fin is obtained by using 
II. Identification of Nonlinear Hinge
The existence of nonlinear characteristics should be identified prior to establishing a dynamic model of the system. Fig. 2 shows the frequency response characteristics of the deployable missile control fin for a base sine-sweep excitation. The resonance frequency of the control fin is decreased as the excitation level is increased, and the variations of the response due to sweep direction can also be notified. These observations confirm that there is a concentrated nonlinearity in the hinge. The nonlinear mathematical model of the hinge is established by using the following Force-State Mapping Technique 4,5 .
Force-State Mapping Technique
If the structural linkage such as a joint and hinge can be completely represented by their displacement and velocity, a single degree-of-freedom (DOF) system can be expressed by the nonlinear second-order ordinary differential equation of motion as the following:
The restoring force, which represents the force transmitted by the hinge, can be written as
where the restoring force ( ) , f x x is a function of the displacement x and velocity x .
The force-state mapping technique is to plot the three-dimensional surface of the restoring force for the displacement and velocity. This plot is called as a force-state map, and the experimental data of the displacement, velocity, acceleration and applied force should be measured at each step to plot this map. The force-state map offers the information about linear and nonlinear dynamic properties of a hinge. If the system were linear, this map would be an inclined flat plane, but if nonlinear, it would be a curved surface. Generally, each of the nonlinear properties produces the different type of the force-state map, and the restoring force can be described by the linear combination of a several number of the linear and nonlinear force components such as a preload, linear or nonlinear springs and dampers, coulomb friction, material hysteresis damping, and so on. Thus, it is the important advantage of the force-state mapping technique to be able to identify the superposable nonliearities. However, the choice of the linear and nonlinear components depends on the experience of researcher. 
Experiments and Results
Toolbox is used to estimate the linear and nonlinear parameters of Eq.
(3). Table 1 
III. Substructure Synthesis
Substructure synthesis methods have been used to reduce the number of DOFs of a relatively complex structure having various configurations so that iterative problems such as flutter can be efficiently analyzed with a reasonable cost and time 8, 11 . In order to establish a reduced dynamic model of the missile control fin with the nonlinear hinge, we present an expanded substructure synthesis method including nonlinear hinge models, and verified the proposed method using a plate example.
Substructure Synthesis Method
To analyze the dynamic characteristics of a complex structure by using the substructure synthesis, it is necessary to divide the whole structure into a limited number of substructures.
Each substructure is connected to at least one of other substructures. For an arbitrary linear undamped substructure, the equations of motion are written as
where the mass and stiffness matrices, and displacement and force vectors are partitioned 
The displacement vector of Eq. (4) is expressed by using some of the normal and constraint modes obtained from Eq. (5) and (6) as follows:
where { }
is the vector of independent generalized displacements of the substructure.
The substitution of Eq. (7) into Eq. (4), and pre-multiplication by the transformation matrix of Eq. (7) gives
where
The size of matrices in Eq. (8) is the sum of the number of normal modes used and the number of interface DOF. When the number of interface DOF is smaller than the number of rigid-body DOF of the substructure, the constraint modes C ⎡ ⎤ Ψ ⎣ ⎦ are rigid-body modes that can be obtained by applying unit displacement to each interface coordinate.
For the simplicity of the problem, it is assumed that the whole structure consists of two substructures (Sub-A and Sub-B), and the substructure (Sub-A) adjoins the other substructure (Sub-B). In the same manner, the generalized equations of motion of the substructures are written in the form Sub-A:
Sub-B:
0
There must be at least one or more independent generalized interface coordinates to combine the substructures. Compatibility conditions are needed to insure that the displacements and reaction forces on the interface coordinates of a substructure match those of its adjoining substructures. The compatibility equations related to the interface coordinates of the two substructures can be written as follows:
Substitution of Eqs. (13) and (14) into Eqs. (10) and (11), and coupling these equations
The natural frequencies and eigenvectors of the combined structure can be easily obtained from Eq. (15) . The transformation matrix from the generalized displacements to the physical displacements is ( )
Expansion of Substructure Synthesis Method
To establish a mathematical dynamic model of the deployable missile control fin, the technique outlined in the previous section is expanded to consider a hinge that consists of torsional springs.
Generally, the moment applied to rotational displacements by a torsional spring can be expressed as 
where the mass and stiffness matrices, and displacement and force vectors are partitioned according to the interior coordinates ( ) R and two interface coordinates ( , ) 
The substitution of Eq. (19) into Eq. (18), and premultiplication by the transformation matrix of Eq. (19) give A  RI  I I  I I  I  I I  I I  I  A  A  T  T  T  A  A  A  A  A  I  I  RI  I 
The compatibility equations relating to the interface coordinates ( , )
p n I I of the two substructures can be written as follows 
The natural frequencies and eigenvectors of the combined structure with torsional springs can be easily obtained from Eq. (25). The transformation matrix from the generalized displacements to the physical displacements is 
Numerical Example
To verify the present expanded substructure synthesis method, the free vibration of a cantilever plate is considered. The plate has two substructures coupled by a hinge section with four torsional springs as shown in The comparison is made between natural frequencies and mode shapes of the full plate calculated using MSC/NASTRAN ® and corresponding natural frequencies calculated by the present expanded substructure synthesis method. The frequency range, 0Hz to 500Hz, is selected as an interesting frequency range. The lowest three and seven modes are used to represent Sub-A and Sub-B, respectively, which cover two times of the interesting frequency range. Table 2 gives the frequencies, errors and MAC(Modal Assurance Criteria) 19 obtained by the two methods indicated previously. It is clear that the normal modes of the entire structure are accurately obtained by using the expanded CB method.
IV. Deployable Missile Control Fin
The nonlinear dynamic model of the deployable missile control fin is established and verified in this section. The finite element models of upper and lower wings of the deployable missile control fin are improved by using Frequency Response Method 18 from modal tests. In order to establish the combined model, these substructure models and the nonlinear hinge model established from the system identification process are coupled by using the expanded CB method. The dynamic model of the control fin is verified by modal and dynamic tests.
Substructure Model Improvement
The deployable missile control fin considered in this paper has a lower wing and an upper wing, which are respectively considered as Sub-A and Sub-B as shown in Fig. 7 . 
Verification of Missile Control Fin Model
The improved models of Sub-A and Sub-B and the nonlinear hinge model located at the interface coordinates are coupled by using the expanded CB method. The first verification is the comparison of natural frequencies and mode shapes calculated from Eqs. (25) and (26) for the coupled structure model with modal test results of the deployable missile control fin in the free-boundary condition. Table 3 shows the natural frequencies of the coupled structural model calculated with three estimated linear hinge stiffness properties partitioned with the free-play and corresponding measured natural frequencies. The first mode cannot be measured and has the largest variation with the hinge stiffness properties. It shows the reasonable agreements in from the second to the sixth mode. In this modal test, the lower wing of the control fin is clamped at a fixture and a series of random excitations is applied at the tip of the upper wing. Table 4 
V. Summary and Conclusion
The reduced dynamic model of the deployable missile control fin with a nonlinear hinge has been established as follows: 1) The existence of nonlinearity at the hinge of the missile control fin is investigated by executing modal tests. The parameters of the nonlinear hinge are estimated and the mathematical nonlinear hinge model is constructed using dynamic test results and the Force State Mapping Technique. 2) In order to consider the hinge stiffness at the interface coordinates between the substructures, Craig-Bampton's component mode synthesis method is expanded. For the verification, the expanded method is applied to the clamped plate, which has redundant constraints and hinge stiffness at the interface coordinates.
3) The substructure models are improved for the natural frequencies and mode shapes using Table 1 Estimated the parameters of the nonlinear hinge for four excitation frequencies. 
